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Momentum Transfer in Triboelectric Nanogenerators

Zeyang Yu, Yuyang Zhang, Morten Willatzen, Jiajia Shao,* and Zhong Lin Wang*

The triboelectric nanogenerator (TENG) reflects a prospering field, that uses
Maxwell’s displacement current as the driving force to transform mechanical
energy into electricity. Based on the law of energy conservation, many
theoretical models of TENGs are proposed to provide a detailed insight into
how energy flows and transformation in the energy harvesting system, while
ignoring a hidden but extremely important point about TENG’s momentum
transfer and conservation. Here a series of analysis is presented for the
momentum transfer and conservation in TENGs based on Maxwell equations
and stress tensor. Using a time-dependent 3D mathematical model, it is
elaborated that how the time- and spatial-dependent momentum current is
influenced by the field and the dielectric materials, demonstrating that
momentum is overall conserved for a TENG. In other words, the TENG device
can not only convert mechanical energy into electricity, but it is also able to
transfer momentum. Momentum transfer is another important characteristic
of TENGs, and finally, the essential differences and similarities among the
momentum transfer, energy transfer, and energy transformation in TENGs are
systematically discussed. This study will certainly serve as a new starting
point for exploring momentum transfer and conservation in the TENG
momentum transfer system.
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1. Introduction

Efficiently converting ambient chaotic
mechanical energy into electricity with
triboelectric nanogenerators (TENGs)
has attracted vast attention and in-
creasing interest due to its potential
applications.[1,2] A series of theoretical
models of TENGs such as the equivalent
circuit model[3–6] and the distance-
dependent electric field model[7–9] has
been developed to investigate the basic
working principles of TENGs. Recently,
a universal time- and spatial-dependent
mathematical model with varying geo-
metric configurations in Cartesian,[10–13]

cylindrical[14,15] and spherical[16] coor-
dinate systems are presented, which
can be utilized to characterize the
time-varying electric field, electric po-
larization, electric displacement vector,
and the displacement current. This is be-
cause the basic laws of electromagnetism
relating various scalar and vector quan-
tities hold irrespective of the coordinate
system. On one hand, through the

mathematical model it has been demonstrated that why the dis-
placement current is the driving force of TENGs,[17–19] which al-
low us to clarify the energy transfer and energy transformation
process of TENGs in more depth.[17,20–23] On the other hand, the
established model offers a quite necessary basis for revealing the
momentum transfer and conservation in TENGs, which is a fairly
important question but has not hitherto received careful atten-
tion.

The momentum conservation law is one of the three funda-
mental conservation laws, initially a deduction of Newton’s laws
of motion but later discovered with much wider applicability.[24]

By virtue of the homogeneity of space, the mechanical proper-
ties of a closed system are unchanged by any parallel displace-
ment of the entire system in space. So, momentum conserva-
tion is a consequence of space translation invariance, while en-
ergy conservation law is a result of the homogeneity of time.[25,26]

It is a fact that the total momentum of a system remains con-
stant if the resultant external force is zero. A nonzero external
force produces changes in the momentum of the system due to a
net momentum current flowing into the system volume.[27] For
a TNEG energy harvesting system, an analogy between the mo-
mentum transfer process and the energy flow process has been
illustrated in Figure 1. And we have proved that a TENG device
can not only transform mechanical energy into electricity but also
transfer momentum; or a general conclusion is that momentum
transfer is one of the other defining features of TENGs. In this
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Figure 1. Schematic diagram showing an analogy between a) momentum transfer process and b) energy flow process in a momentum transfer system
based on a triboelectric nanogenerator (TENG) including an external excitation, a TENG transducer, and an external circuit.

paper, the Maxwell stress tensor ⃖⃗T is utilized to describe the con-
servation of momentum within and around the TENG device,
since it characterizes the dual identity of electromagnetic stress
pressure and negative momentum current density.[27] It should
be noticed that a periodic low-frequency motion of a TENG leads
to an infinitesimally small magnetic induction B, making it rea-
sonable to neglect the magnetic induction in the expression for
the energy flux density (Poynting vector S) and the momentum
density of electromagnetic fields.

The time-varying momentum current distribution and mo-
mentum variations within the TENG device have been systemati-
cally elucidated using Maxwell’s equations and the Maxwell stress
tensor. It is confirmed that momentum is conserved during the
energy harvesting process. Through this method, we can obtain
the specific amount of momentum absorbed and transferred by
each single fraction of the TENG device at any position. Taking
these into account, we may list additional constraints when opti-
mizing the performance of TENG devices in complicated electro–
mechanical coupling. Neglecting the Poynting vector, the total
momentum currents absorbed by the moving part and station-
ary part of the TENG device, are equal in magnitude but opposite
in direction. However, the transmission of momentum current
is interrupted by the free charges distributed on the electrodes or
the triboelectric charges in the contacting surfaces. Most impor-
tantly, this work explains how the momentum currents flowing
into a Gaussian surface lead to the electromagnetic force. The
total electromagnetic force acting on a volume V is equal to the
momentum current passing through the closed surface S of the
volume, which can also be obtained through the integration of
the stress tensor over the Gaussian surface. In brief, momentum
transfer is one of the important characteristics of the TENG de-
vice, and the energy harvesting system based on TENGs is also a
momentum transfer system. Understanding this new discovery

is a prerequisite to obtaining detailed insight into its operation
and application potential.

2. General Theory

2.1. Momentum Transfer and Energy Flow Process

In Newtonian mechanics, momentum including linear momen-
tum and angular momentum is the product of the mass and ve-
locity of an object; while in analytical mechanics, allowing one
to choose coordinate systems that incorporate symmetries and
constraints, a generalized momentum is introduced.[24] Further-
more, in relativistic mechanics or in the nonrelativistic regime,
the definitions of generalized momentum are also different.
Though the definition of the concept varies, the principles of mo-
mentum are not substantially different. However, energy takes
different forms in natural processes, and it can be converted from
one form to another. According to the law of conservation of en-
ergy, energy is transferable to a different location or object, but it
cannot be created or destroyed. Figure 1 illustrates an analogy di-
agram between the momentum transfer process and the energy
flow process in TENGs. Once mechanical momentum is gener-
ated under an external excitation, it is transferred to the mov-
ing part of TENGs and then the electromagnetic momentum of
fields within a TENG transducer. Finally, the external circuit ob-
tains mechanical and electromagnetic momentum in currents.
Not that the total produced momentum remains constant dur-
ing the momentum transfer process. This process is similar to
which energy is transferred and transformed in the energy har-
vesting system of external excitation, TENG transducer, and an
external circuit.[3] For instance, Mechanical energy is transferred
and stored in the TENG transducer in the form of electrostatic en-
ergy, and then extracted to the external circuit. Here, we put our
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Figure 2. Schematic diagram showing 3D model of a) contact-separation mode and b) lateral-sliding mode triboelectric nanogenerator (TENG). c)
Dielectric block enclosed with Gaussian surface, through which momentum current passes. Schematic diagram of d) contact-separation mode and
e) lateral-sliding mode TENG, depicting infinite planes through which momentum current passes. f) Several key formulas about momentum density,
momentum current and Maxwell stress tensor. g) Surface plot demonstrating momentum current density of contact-separation mode TENG under
short circuit condition at the beginning (g1), quarter/three quarters (g2) and half (g3) of the cycle.

focus on the electromagnetic momentum of fields distributed in
the TENG transducer, which is beneficial to understand the mo-
mentum flow in the TENG momentum transfer system. The in-
verted hollow arrow indicates a feed back effect of each frame
to the upstream. Detailed discussions of the momentum trans-
fer and conservation in the TENG device will be available in the
subsequent parts of this work, taking the contact–separation (CS)
mode and lateral sliding (LS) mode TENG as examples.

2.2. Mathematical Model of the CS and LS Mode TENG

For the CS mode TENG as presented in Figure 2a, assume there
are two parallel square dielectric materials each attached with

a metal electrode on the outside, perpendicular to the z-axis.
The side length of each layer is L and the i-th layer possesses
a uniform surface charge density 𝜎i at the position zi, respec-
tively, producing a scalar electric potential 𝜑(x, y, z) at an arbi-
trary field point r(x, y, z). As mentioned above, since the TENG
is usually operated at low frequency, the generated magnetic in-
duction is extremely weak and can be ignored. Using our pro-
posed mathematical model,[3,10–15] the electric potential 𝜑(x, y,
z), time-varying electric field E(x, y, z), and the relevant electric
field components [Ex(x, y, z), Ey(x, y, z), Ez(x, y, z)] have been ob-
tained (see Section S1, Supporting Information). It is found by
Equation (S4c, Supporting Information) that the z-component
of the electric field along the symmetry axis Ez(L/2, L/2, z)
is[10]:
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where 𝜎T and 𝜎U represent the triboelectric charge density and
transferred charge density in Figure 2a, respectively; and the L is
the length of the electrode/dielectric. When an external resistor
R is connected, the governing equation of the CS mode TENG is
given by:

RL2 d𝜎U

dt
=

z1

∫
z4

Ez

(L
2

, L
2

, z
)

dz (2)

Subsequently, the average power output at steady state be-
comes:

Pav,CS = 1
T

T

∫
0

R
(

L2 d𝜎U

dt

)2

dt (3)

and one can derive the best matching resistance for CS mode
TENG by optimizing the average power output.

A similar method is applied to the LS mode TENG (Figure 2b).
The electric potential 𝜑(x, y, z), electric field E(x, y, z), and the
relevant electric field components [Ex(x, y, z), Ey(x, y, z), Ez(x, y,
z)] have been derived systematically (see Section S2, Supporting
Information). The z-component electric field on the central axis
Ez((L + a) /2, L/2, z) is obtained by[10]:
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where the surface charge densities are denoted as: 𝜎T, −𝜎T on the
dielectric interface; 𝜎E, −𝜎E on the overlapping region and 𝜎U,
−𝜎U on the nonoverlapping region of the electrode (Figure 2b),
respectively. The corresponding positions are given by z1, z2, and
z3, respectively. Besides, the a(t) represents the relative motion
distance and L the length of the electrode/dielectric. When a re-
sistor R is connected in the external circuit, the governing equa-
tion for the LS mode TENG is written as:

R d
dt

[
𝜎EL (L − a) + 𝜎ULa

]
=

z1

∫
z3

Ez

(L + a
2

, L
2

, z
)

dz (5)

Sequentially, the average power output Pav,LS under a steady
state can be calculated by:

Pav,LS = 1
T

T

∫
0

R
[

L
(

(L − a)
d𝜎E

dt
+
(
𝜎U − 𝜎E

) da
dt

)]2

dt (6)

and similarly one can derive the best matching resistance for LS
mode TENG by optimizing the average power output.

Solving the above equations, the transferred charges, voltage,
current, and power can be numerically obtained. Most signifi-
cantly, one can get the time-varying electric field of TENGs under
different conditions, finally making full preparations for reveal-
ing the time-varying momentum distribution and whether the
momentum is conserved in TENGs.

2.3. Momentum Current in TENGs

Momentum conservation in electrodynamics is not obvious
since most electromagnetic field configurations carry linear
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momentum. In addition, there is “hidden” mechanical momen-
tum associated with the flow of current, for instance, in a general
closed circuit. But locating the “hidden momentum” is not easy,
and it is actually a relativistic effect.[27] Momentum current is a
two-rank tensor which is the flow of momentum carried by mat-
ter with velocity, or it can only transmit momentum without the
transfer of matter. The proof of momentum conservation is based
heavily on the cancellation of internal forces in accordance with
Newton’s third law. As we will show, momentum conservation in-
deed holds true in TENGs as will be confirmed in the following
sections.

The total electromagnetic force acting on the charges in a vol-
ume V is expressed by:

Fmech = ∫
V

(E + v × B) 𝜌 d𝜏 = ∫
V

(𝜌E + J × B) d𝜏 (7)

where 𝜌 is the electric charge density and J is the current density.
Writing this equation in terms of fields, one has:

Fmech = ∫
V

(
−𝜀0𝜇0

𝜕S
𝜕t

+ ∇ ⋅ ⃖⃗T
)

d𝜏 (8)

where S is the Poynting vector defined by S = (E×B)/μ0 repre-
senting the energy per unit time per unit area transferred by the

electromagnetic (EM)-fields. The field
↔

T is known as the Maxwell
stress tensor defined as the force per unit area acting on the sur-
face,

↔

T = 𝜀0 EE + 1
𝜇0

BB − 1
2

(
𝜀0E2 + 1

𝜇0
B2

)
I (9)

which can also be written by Tij, which is precisely the sum of
the corresponding components of the electrostatic stress tensor
Tij(E) and the magnetostatic stress tensor Tij(B):

Tij = Tij (E) + Tij (B)

= 𝜀0

(
EiEj −

1
2
𝛿ijE

2
)
+ 1

𝜇0

(
BiBj −

1
2
𝛿ijB

2
)

(10)

where the Kronecker delta 𝛿ij is one if indices are the same (𝛿xx
= 𝛿yy = 𝛿zz = 1) and zero otherwise (𝛿xy = 𝛿yz = 𝛿xz = 0). One
index of Tij states the direction of flow, while the other labels the
components of the momentum. So, Tij is the rate at which the
j-th component of momentum flows through an area element
oriented in the i direction or the rate at which the i-th component
of momentum flows through an area element oriented in the j
direction. Generally, if S does not vary in time or for quasi-static
conditions, the total electromagnetic force on the charges in vol-
ume is calculated through the stress tensor at the boundary.

Newton’s second law states that the net force on a system of
particles is equal to the time derivative of the system’s total me-
chanical linear momentum, Pmech. Therefore, Equation (8) can
be rewritten as:

Fmech =
dPmech

dt
= ∫

V

(
−𝜀0𝜇0

𝜕S
𝜕t

+ ∇ ⋅ ⃖⃗T
)

d𝜏 (11)

where Pmech represents the total mechanical momentum of the
charges within the volume V. The total linear momentum of the
electric and magnetic fields in a volume V is:

Pem = 𝜀0 𝜇0 ∫
V

S d𝜏 = 𝜀0 ∫
V

E × B d𝜏 (12)

Combining the above equations and using the divergence the-
orem:

dPtotal

dt
= d

dt

(
Pmech + Pem

)
= ∫

S

n ⋅ ⃖⃗TdA (13)

where the unit vector n is the normal vector to the area element
dA. Thus, the statement of conservation of momentum in elec-
trodynamics implies that the total momentum including both
mechanical and electromagnetic contributions is equal to the
momentum transferred by EM-fields. The momentum carried
by EM fields themselves guarantees momentum conservation in
electrostatics, magnetostatics, and electrodynamics. As with the
charge conservation law, conservation of momentum can be ex-
pressed in a differential form. Equation (7) reveals that Fmech is
the volume integral of the Coulomb–Lorentz force density fmech
= 𝜌E+j×B. Since the integral volume V is arbitrary, a local con-
servation law of momentum is given by[27]:

𝜕

𝜕t
℘em + fmech = ∇ ⋅ ⃖⃗T (14)

where ℘em is the electromagnetic momentum density defined by
𝜖0(E×B). It is important to note that the Poynting vector S plays
two different roles: first it is interpreted as the energy current den-
sity transferred by EM-fields; and, second, it can be understood
as the electromagnetic momentum density stored in the fields.
Similarly, Tij also plays two roles: Tij represents the Maxwell elec-
tromagnetic stress acting on a surface, and it can be identified as
the momentum current density transported by the fields.[27]

It is well known that the Maxwell stress tensor Tij is a nine-
component second-rank tensor of E and B. In this work, we focus
on the z-component of the momentum and the electromagnetic
force, therefore we provide the detailed expressions for Tzj:

Tzx = 𝜀0 EzEx +
1
𝜇0

BzBx (15)

Tzy = 𝜀0 EzEy +
1
𝜇0

BzBy (16)

Tzz =
𝜀0

2

(
E2

z − E2
x − E2

y

)
+ 1

2𝜇0

(
B2

z − B2
x − B2

y

)
(17)

where Tzx, Tzy, and Tzz represent the z component of momentum
oriented from the x, y, and z direction, respectively (the x- and y-
components of Maxwell stress tensor are presented in Section S3,
Supporting Information). Because the magnetic induction B is
close to zero when dealing with ℘em in Equations (9–14) under
quasi-static condition, hence,

Tij = 𝜀0

(
EiEj −

1
2
𝛿ijE

2
)

(18)
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Tzx = 𝜀0 EzEx (19)

Tzy = 𝜀0 EzEy (20)

Tzz =
𝜀0

2

(
E2

z − E2
x − E2

y

)
(21)

Furthermore, based on Equation (8) the total electromagnetic
force on a volume V is evidently:

F = ∫
V

∇ ⋅ ⃖⃗Td𝜏 (22)

By using the divergence theorem, the above equation is
changed to:

F = ∮
S

n ⋅ ⃖⃗TdA (23)

which shows that the total force acting on the volume V is equal
to the surface integral of the stress tensor bounded by a closed
surface S (Gaussian surface) of the volume (Figure 2c). Assuming
a cuboid Gaussian surface enclosed with six finite planes: x =
x0, x = x1, y = y0, y = y1, z = z0, z = z1, the z-component of
electromagnetic force Fz becomes:

Fz = Γ□
up − Γ□

down + Γ□
front − Γ□

behind + Γ□
right − Γ□

left (24)

where,

Γ□
up =

y1

∫
y0

x1

∫
x0

Tzz

(
x, y, z1

)
dxdy

=

y1

∫
y0

x1

∫
x0

𝜀 (r)
2

(
Ez

(
x, y, z1

)2 − Ex

(
x, y, z1

)2

− Ey

(
x, y, z1

)2
)

dxdy (25)

Γ□
down =

y1

∫
y0

x1

∫
x0

Tzz

(
x, y, z0

)
dxdy

=

y1

∫
y0

x1

∫
x0

𝜀 (r)
2

(
Ez

(
x, y, z0

)2 − Ex

(
x, y, z0

)2

− Ey

(
x, y, z0

)2
)

dxdy (26)

Γ□
front =

z1

∫
z0

x1

∫
x0

Tyz

(
x, y1, z

)
dxdz

=

z1

∫
z0

x1

∫
x0

𝜀 (r) Ey

(
x, y1, z

)
Ez

(
x, y1, z

)
dxdz (27)

Γ□
behind =

z1

∫
z0

x1

∫
x0

Tyz

(
x, y0, z

)
dxdz

=

z1

∫
z0

x1

∫
x0

𝜀 (r) Ey

(
x, y0, z

)
Ez

(
x, y0, z

)
dxdz (28)

Γ□
right =

z1

∫
z0

y1

∫
y0

Txz

(
x1, y, z

)
dydz

=

z1

∫
z0

y1

∫
y0

𝜀 (r) Ex

(
x1, y, z

)
Ez

(
x1, y, z

)
dydz (29)

Γ□
left =

z1

∫
z0

y1

∫
y0

Txz

(
x0, y, z

)
dydz

=

z1

∫
z0

y1

∫
y0

𝜀 (r) Ex

(
x0, y, z

)
Ez

(
x0, y, z

)
dydz (30)

where Γ□
up, Γ□

down, Γ□
front, Γ□

behind, Γ□
right, Γ□

left represents the mo-
mentum current flowing through the corresponding up, down,
front, behind, and left surface of the cuboid, respectively (the x-
and y-components of electromagnetic force are presented in Sec-
tion S3, Supporting Information). It is indisputable that the total
electromagnetic force and momentum current on the charges do
not change in the presence of EM-fields, but one should ensure
that the total charge enclosed by the volume remains unchanged.
Therefore, as exhibited in Figure 2c, the Gaussian surface tightly
packaging the dielectrics can be extended and is equivalent to two
infinite parallel planes perpendicular to the z-axis plus four finite
planes being parallel to the z-axis.

In Figure 2d,e, a set of infinite parallel planes are placed on
both sides of the dielectrics and electrodes of TENGs. The sur-
face integration of the z-component momentum current density
over the i-th infinite plane negative toward the z-axis is denoted as
Γ∞

i ; while the subtraction of Γ∞
i and Γ∞

j is the change of momen-
tum current ΔΓ on particles sandwiched between the i-th and j-th
infinite parallel planes:

Γ∞
i = ∫ ∫ Tzzdxd

(
x, y, zi

)
y

=

+∞

∫
−∞

+∞

∫
−∞

𝜀 (r)
2

(
Ez

(
x, y, zi

)2 − Ex

(
x, y, zi

)2

− Ey

(
x, y, zi

)2
)

dxdy (31)

Taking Figure 2d as an example, there are eight infinite parallel
planes setting up previously to calculate the momentum current
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passing through the electrodes and dielectrics of the CS mode
TENG:

Δ Γelec1 = Γ∞
1 − Γ∞

2 (32)

Δ Γdie1 = Γ∞
2 − Γ∞

4 (33)

Δ Γup = Γ∞
1 − Γ∞

4 (34)

Δ Γdie2 = Γ∞
5 − Γ∞

7 (35)

Δ Γelec2 = Γ∞
7 − Γ∞

8 (36)

Δ Γdown = Γ∞
5 − Γ∞

8 (37)

Using the same method, seven infinite parallel planes are set
up to describe the momentum current distribution and variation
in the LS mode TENG (Figure 2e). Note that there is no air gap be-
tween the two dielectric materials. As a result, one parallel plane
is reduced when compared with the CS mode TENG.

3. Results and Discussion

Numerical experiments are carried out to clarify the time-varying
momentum distribution and reveal whether the momentum is
conserved in TENGs. The relevant configurations, derived equa-
tions, and schematic diagrams as well as the variation of momen-
tum current under SC condition are demonstrated in Figure 2.
Figure 2a illustrates the basic configuration, materials, and sur-
face charge density of the CS mode TENG in a Cartesian coor-
dinate system, whose x–z section is depicted in Figure 2d with
eight infinite parallel planes. Likewise, the basic configuration
and x–z section with seven surfaces of the LS mode TENG are
exhibited in Figure 2b,e, respectively. Several key formulas are
listed in Figure 2f. Taking the CS mode TENG as an example, the
change of momentum current density in a complete operation cy-
cle under SC condition are presented in Figure 2g. Its sub-graphs
g1, g2, g3 visualize the distribution of momentum current at the
beginning, a quarter, and half a period, respectively. An interest-
ing find is that the configuration of momentum current distri-
bution close to the charges on electrodes and dielectrics remain
relatively constant, while they change violently in the air gap dur-
ing the periodic movement of the CS mode TENG.

Momentum current Γ∞
i downward along the z-axis through

eight infinite parallel planes are depicted in Figure 3, under short
circuit (SC), open circuit (OC), and optimum load conditions, re-
spectively. Figure 3a illustrates the variation of momentum cur-
rentΓ∞

i passing through eight surfaces that are placed around the
CS model TENG. It is interestingly observed that the momentum
current flowing in the surface 2 (Γ∞

2 ), and surface 3 (Γ∞
3 ), are ex-

actly equal with each other. A similar phenomenon can also be
found from the surface 4 (Γ∞

4 ), and surface 5 (Γ∞
5 ), which are set

in the air gap; and the surface 6 (Γ∞
6 ), and surface 7 (Γ∞

7 ) that
are placed in the dielectric 2. The momentum current can be ab-
sorbed by the dielectrics. Note that the momentum change cross-
ing the dielectric 1 (ΔΓdie1, calculated by Γ∞

2 − Γ∞
4 ) and dielectric

2 (ΔΓdie2, calculated by Γ∞
5 − Γ∞

7 ) have the same magnitude but
changes in opposite directions (Figure 3b,c). This is because the
absorbed momentum by the dielectrics produces a recoil force

such that the system is maintained in equilibrium. This reflects
that an external force applied to one dielectric in equilibrium is
reacted by the internal force (recoil force) produced within the
dielectric. So, the momentum current delivered to (absorbed by)
the moving part (ΔΓup) is equal to that of absorbed by (delivered
to) the down part (ΔΓdown). As a result, the general conclusion
is that the momentum is conserved in the TENGs system as a
whole at SC conditions. We also note that the momentum cur-
rents in the z direction passing the surface 1 (Γ∞

1 ), and 8 (Γ∞
8 ) are

negligible. This is mainly because the transmission of momen-
tum current is interrupted by the free charges distributed in the
electrodes; or simply, the total quasi-electrostatic field outside the
TENG device is almost completely shielded owing to the metal
electrode, particularly the distribution of induced charges within
it.

Results depicted in Figure 3d–g indicate that the momentum
changes either absorbed by the dielectric 1 (ΔΓdie1) and dielec-
tric 2 (ΔΓdie2), or the up part (ΔΓup) and down part (ΔΓdown)
of the TENG, are equal but change in the opposite direction
(Figure 3e–g), once again suggesting that the momentum is con-
served in TENGs. However, the momentum current passing the
surface 4 (Γ∞

4 ) (and the surface 5 (Γ∞
5 ) becomes gently compared

to the SC conditions (Figure 3a,d). This primarily attributes to the
fact that no charges are transferred between the two electrodes at
OC conditions, thus the electric field generated by the triboelec-
tric charges cannot be thoroughly shielded, leading to a small im-
pact on the variation of momentum current within the air gap.

To maximize power output of the CS mode TENG, an opti-
mum resistance is loaded. At this time, except for the variations
of momentum currents crossing the surface 4 (Γ∞

4 ) and surface 5
(Γ∞

5 ), the momentum changes crossing other surfaces are simi-
lar to those of under SC conditions (Figure 3g,h). This is because
only part of the electric field is shielded by the free charges dis-
tributed on the electrodes during the CS process. As a result,
the peak of momentum in the z direction crossing the surface
4 (and/or surface 5) is smaller than that of obtained at SC con-
ditions but it is larger than that under OC conditions. Moreover,
as presented in Figure 3a, these time curves are spontaneously
divided into four groups: A(Γ∞

2 ,Γ∞
3 ), B(Γ∞

4 ,Γ∞
5 ), C(Γ∞

6 ,Γ∞
7 ) and

D(Γ∞
1 ,Γ∞

8 ), according to their different physical surroundings. Al-
though the changing trends of momentum current in different
groups possess different forms, they have obvious similar char-
acteristics. This is the reason why each curve within the group
exactly overlaps with each other. Note that the momentum cur-
rent passing through surface 1 (or surface 8) placed outside the
TENG device indeed is negligible.

Even subject to different loading conditions, the total momen-
tum imparted to the up part ΔΓup and down part ΔΓdown of the
TENG device is equal to each other (Figure 4a,c). As the loaded
resistor increases, fluctuation of ΔΓup and ΔΓdown gradually de-
creases, while the peaks extracted from the momentum currents
(ΔΓup,peak, and ΔΓdown,peak) get smaller (Figure 4b). On the other
hand, increasing the external loaded resistors also cause a phase
lag problem, which is evident in the red shadow in Figure 4a and
the corresponding enlarged image in Figure 4e. For a larger re-
sistor, phase delay begins to increase significantly. However, the
phase recovers at OC conditions since at this point the frequency
of time-varying electric field must be strictly consistent with the
external mechanical excitation. The total momentum must be
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Figure 3. Momentum current and momentum change of contact-separation mode TENG. a) Under short circuit (SC) condition, theoretically calculated
momentum current passing through eight infinite planes negative toward the z-axis, b) momentum change between two infinite planes on either side
of dielectric 1 and the moving (top) part, c) dielectric 2 (die 2) and the stationary (down) part of the contact-separation mode TENG device. Inset in
(a): distribution of eight infinite planes perpendicular to the z-axis. d) Under open circuit (OC) condition, theoretically calculated momentum current
passing through eight infinite planes negative toward the z-axis, e) momentum change between two infinite planes on either side of dielectric 1 and the
moving part, f) dielectric 2 and the stationary part. g) Time-varying momentum current through eight infinite planes under short circuit (SC) condition,
and h) optimum resistor condition.

zero if we only consider the electromagnetic momentum orig-
inally stored in the field. It is worth highlighting that when the
center of mass of a localized system is at rest, its total momentum
must be zero, meaning that the net force on this system is zero.
Exploiting this fact, analyzing the force situation of the TENGs
has implications in understanding the law of variation for mo-
mentum current. As stated before, if the momentum is absorbed

by the moving part (or stationary part) a recoil force is generated.
Note that the generated recoil force is an internal force. Accord-
ing to Newton’s second law, the force on an object is equal to the
rate of change of its momentum. In other words, a zero external
force results in an invariant momentum. Observe that momen-
tum conservation in the system from can also be obtained by cal-
culating the total electromagnetic force acting on the TENG.

Adv. Physics Res. 2023, 2300115 2300115 (8 of 14) © 2023 The Authors. Advanced Physics Research published by Wiley-VCH GmbH

 27511200, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/apxr.202300115 by G

eorgia Institute O
f T

echnology, W
iley O

nline L
ibrary on [02/01/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advphysicsres.com


www.advancedsciencenews.com www.advphysicsres.com

Figure 4. Time-varying momentum current under different loading conditions. The total momentum imparted to the a) moving part (∆Γup) and c)
stationary part (∆Γdown) of the contact-separation mode TENG device. b) The corresponding peaks of ∆Γup and ∆Γdown. d) The peaks of electromagnetic
force acting on the moving part (Fup,peak) and stationary part (Fdown,peak), respectively. e) Time-varying momentum current under short circuit (SC),
different loading resistors, and open circuit (OC) conditions, respectively.

Generally, there are two classical ways to determine the electro-
magnetic force: one way is by virtue of momentum conservation
since the force acting on an object is equal to the rate of change of
its momentum; another approach is using the Coulomb–Lorentz
force density fmech = 𝜌E+j×B. Using the first way, the recoil force
can be calculated; because it is the result of total flowing momen-
tum absorbed by an object; alternatively through considering the
stress tensor (force per unit area) acting on a surface, the total
electromagnetic force acting on an object can also be obtained.
Figure 4d illustrates the variation of the force peak acting on
the up part (Fup,peak) and down part (Fdown,peak) for different load-
ing conditions. Figure 5 depicts the time-dependence of the z-
component of the electromagnetic force (Fz) at SC and OC condi-
tions as calculated according to Equation (24). As expected, both
the z-component of electromagnetic force Fz acting on the up part
(Fup) and down part (Fdown) of the CS model TENG are equal and
opposite whether at SC conditions (Figure 5a) or OC conditions
(Figure 5c). Here the momentum current passing these planes
is denoted as Γ□. Simply, the Fz is calculated by the momen-
tum crossing the up (Γ□

u ), down (Γ□
d ), front (Γ□

f ), behind (Γ□
b ),

left (Γ□
l ), and right (Γ□

r ) surfaces, where the six defined finite
surfaces are inserted in Figure 5b1 forming a Gaussian surface.
Numerical results (Figure 5b,d) indicate that the momentum cur-
rent mainly comes from the down (Γ□

d ) surface which plays a ma-
jor contribution to Fup both at SC and OC conditions. As stated
before, the momentum current crossing a surface of one object
is essentially the electromagnetic force acting on this surface. In
other words, the largest Maxwell stress tensor is applied on the

down surface of the up part of the CS model TENG, due to large
number of triboelectric charges uniformly distributed on the con-
tacting surfaces that are parallel to the down surface and perpen-
dicular to the z direction.

Unsurprisingly, the momentum absorbed by the moving part
and stationary part of the LS model TENG are equal to each
other, but with an opposite changing tendency (Figure 6a,b,d,e).
The momentum crossing through the surface 1 (Γ∞

1 ) and sur-
face 7 (Γ∞

7 ) is almost negligible which is similar to that of in the
CS model TENG. However, the magnitude of ΔΓup obtained at
SC conditions is much larger than that obtained under OC con-
ditions which is caused by the different momenta at surface 4
(Γ∞

4 ) (Figure 6c,f,h). This phenomenon must be understood in
the following way. At SC conditions, the charge density (𝜎E and
-𝜎E in Equation 4) distributed at the overlapping region of the
electrode is approximately zero, because this region is electrically
neutral. Thus, the total electric field distributed at the overlap-
ping regions of the two dielectric is insignificant, a fact which was
demonstrated in Refs.[[3,11,12]] Besides, although the triboelectric
charges are created uniformly at the nonoverlapping regions of
the dielectrics, the generated corresponding electric field can be
shielded by the free charges that are induced at the nonoverlap-
ping regions of the electrodes. Even so, one can still observe a
high electric field from the nonoverlapping regions. As a result,
there is a larger momentum current flowing through the surface
4 Γ∞

4 when compared to the momentum flowing through other
surfaces at SC conditions. Nevertheless, at OC conditions the in-
duced charges are all accumulated at the overlapping regions,
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Figure 5. Time-varying electromagnetic force acting on the contact-separation mode TENG device calculated through momentum current. Theoretically
calculated the z-component of electromagnetic force acting on the up (Fup) and down part (Fdown) of the TENG device, under a) SC, and c) OC conditions,
respectively. b) Momentum current through the downward (b1), upper, frontage, backward, left and right (b2) side finite plane negative toward the z-axis,
composing the electromagnetic force acting on the up part at SC condition. Inset in (b1): an example of Gaussian surface bounded by six finite planes.
d) Momentum current through the upper, downward (d1), frontage, backward, left and right (d2) side finite plane negative toward the z-axis, composing
the electromagnetic force acting on the up part at OC condition.

which have to remain a neutral state of the electrode since there
is no charge transferred. Consequently, as the relative displace-
ment increases, much more induced charges are accumulated at
the overlapping regions of the electrodes, thereby generating an
increasing electric field and thus an increasing momentum cur-
rent flowing through the surface 4 (Γ∞

4 ). This is also the reason
why there is a much larger Γ∞

4 obtained at OC conditions than
it at SC conditions. Figure 6h displays a clear picture of momen-
tum current flowing through seven different surfaces that are il-
lustrated in Figure 6f. When an optimum resistor is loaded, the
variation of momentum currents are shown in Figure 6g.

Additionally, the momentum stored in the up part (ΔΓup) and
down part (ΔΓdown) of the LS TENG at different loading condi-
tions (Figure 7a,c) suggests that the total momentum is zero; that
is, momentum is conserved. Once again one exactly confirms
conservation of momentum. As the external resistor increases, a

phase difference of momentum appears which is clearly observed
from an expanded image inserted in Figure 7a; while the relevant
momentum current peaks gradually increases (Figure 7b). The
details of phase-leading and peak-increasing are demonstrated
in Figure 7e. Furthermore, the peak of the electromagnetic force
acting on the up part (Fup,peak) and down part (Fdown,peak) also grad-
ually increases as the resistance increases (Figure 7d). Figure 8
depicts the relationship between the electromagnetic fore Fz and
momentum current of the LS mode TENG. It is easily found that
the up part experiences exactly the same force (Fup) as the down
part (Fdown) but in opposite directions whether at SC condition or
loaded conditions (Figure 8a,c). Consider now the moving part
(up part). The same momentum currents flow into the up sur-
face (Γ□

up) and down surface (Γ□
down), respectively (the inset image

illustrated in Figure 8a); but they change in an opposite direction
(Figure 8b).
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Figure 6. Time-varying momentum current of the lateral-sliding mode TENG at different conditions. Under short circuit (SC) condition, theoretically
calculated momentum current passing through the a) up (moving) part, b) the down (stationary) part, and c) the seven infinite planes negative toward
the z-axis of the lateral-sliding mode TENG device, respectively. Under open circuit (OC) condition, theoretically calculated momentum current passing
through the d) up (moving) part, e) the down (stationary) part, and f) the seven infinite planes negative toward the z-axis of the lateral-sliding mode
TENG device, respectively. Inset in (f): distribution of seven infinite planes perpendicular to the z-axis. Time-varying momentum current passing through
seven infinite planes under g) optimum resistor (Ropt) condition and h) open circuit (OC) condition (h), respectively.

The above phenomenon is quite different from that of the CS
model TENG, as in the latter case there is almost no momentum
current crossing through the up surface (Figure 5b). This phe-
nomenon in LS mode TENG is mainly due to the electric field
generated by the triboelectric charges distributed at the nonover-
lapped regions of the dielectrics (Figure 2b,e). At SC conditions,
when there is a relative displacement, free charges are induced

and distributed at the nonoverlapped region of the electrodes;
and the shielding charges have opposite sign but are equal to the
triboelectric charges. As a result, the same amount of momen-
tum will flow into or out through the nonoverlapped regions. If
an external resistor is loaded, the flow speed of charges trans-
ferred between the two electrodes is mainly affected, but does
not influence the result. As depicted in Figure 8c, the Fup acting

Adv. Physics Res. 2023, 2300115 2300115 (11 of 14) © 2023 The Authors. Advanced Physics Research published by Wiley-VCH GmbH
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Figure 7. Time-varying momentum current under different loading conditions of the lateral-sliding mode TENG. The total momentum imparted to the
a) down (stationary) part (∆Γdown) and c) up (moving) part (∆Γup) of the lateral-sliding mode TENG device. b) The corresponding peaks of ∆Γdown,peak,
and ∆Γup,peak respectively. d) The peaks of electromagnetic force acting on the moving part (Fup,peak) and stationary part (Fdown,peak), respectively. e)
Time-varying momentum current under short circuit (SC), different loading resistors, and open circuit (OC) conditions, respectively.

on the moving part is equal to the force acting on the stationary
part (Fdown), but with an opposite direction under loaded an opti-
mum resistor. One important aspect to note is that the momen-
tum flowing through the down surface (Γ□

down) exhibits a main
contribution to Fup (Figure 8d); here the reason behind is simi-
lar to the previous observation that most of the momentum flows
through the surface 4 (Γ∞

4 ) at OC conditions (Figure 6h). Numeri-
cal results stress again that the momentum currents flowing into
a volume is equal to the resultant external force acting on the sys-
tem. Consequently, momentum conservation is validated once
again in a TENG device.

4. Conclusion

In this work, the time-varying momentum transfer and distri-
bution within the TENGs are systematically analyzed through a
time-dependent 3D mathematical model. After exploring the ab-
sorption and impartation of momentum by field and dielectric
materials, it is revealed that the energy harvesting system based
on TENGs shows momentum conservation. A TENG device can
not only convert mechanical energy into electrical energy, but
also transfer momentum. In other words, momentum transfer
is one of the important characteristic of TENGs, and the energy
harvesting system based on TENGs is also a momentum trans-
fer system. Momentum will remain unchanged all along the time
within the whole system or transfer somewhere when there is no
net external force. This character of TENG promises applications
in some special area which will be explored hereafter. The basic
conclusions are as follows:

i. The momentum currents either absorbed by the moving
part (ΔΓup), or the stationary part (ΔΓdown) of a TENG, are
equal in magnitude but opposite in direction. Increasing the
load resistance, the peaks of the ΔΓup and ΔΓdown gradually
smaller, and also leads to a phase lag when the TENG de-
vice is operated under a steady state. The exhibited symme-
try between ΔΓup and ΔΓdown all along the process once again
indicates the conservation of momentum.

ii. The total electromagnetic force acting on a volume V is equal
to the surface integral of the stress tensor bounded by a
closed surface S (Gaussian surface) of the volume, which
is also exactly equivalent to the momentum current passing
through the Gaussian surface of the volume. Thus, it is un-
derstood quite easily that the electromagnetic forces acting
on the moving part and stationary part of TENGs are equal
with each other but acting in a contrary direction. Therefore,
a working TENG device remains in static equilibrium not be-
cause there are no electrostatic forces acting on it but because
these forces annihilate one another.

iii. The momentum current flowing into a volume is equal to the
resultant external force acting on the system. When the mo-
mentum is absorbed by the moving part or stationary part of
a TENG a recoil force is generated. This generated force is an
internal force. More generally, the total electromagnetic force
and total momentum current on the charges transmitted by
the field do not vary as the volume V and the surrounding
Gaussian surface change if that the total quantity of charges
encircled by the volume surface remains constant. Note that
the total momentum of a TENG is zero under any conditions,
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Figure 8. Time-varying electromagnetic force acting on the lateral-sliding mode TENG device calculated through momentum current. Theoretically
calculated the z-component of electromagnetic force acting on the up (Fup) and down part (Fdown) of the TENG device, under a) SC, and c) optimum
resistance (Ropt) condition, respectively. Inset in (a): six finite planes composing a Gaussian surface. b) Momentum current through the upper, downward,
frontage, backward, left and right side finite plane negative toward the z-axis, composing the electromagnetic force acting on the up part of the TENG
device at SC condition. d) Momentum current through the upper, downward (d1), frontage, backward, left, and right (d2) side finite plane negative
toward the z-axis, composing the electromagnetic force acting on the up part of the TENG device at Ropt condition.

mainly because of the electrical neutrality of the TENG. Ex-
ploiting this fact, it is easy to ascertain why the total electro-
static forces acting on TENGs must be zero.

iv. The free (induced) charges distributed on the electrodes can
shield the propagation of the electric field and consequently
interrupt the transmission of momentum current. Under OC
conditions, the shielding effect decreases so that the momen-
tum fluctuation flats as there are no free charges transferred
between the electrodes of TENGs. In the case of SC condi-
tions, the momentum currents absorbed either by the sta-
tionary part or moving part of TENGs will be completely
shielded, giving rise to a severe momentum fluctuation due
to transfer of the induced charge. For all cases, it is assumed
that the TENG is operated under a low working frequency.
However, if the operation frequency increases to the MHz or

GHz range, a dynamic magnetic field as well as the Poynt-
ing vector must be taken into consideration. We anticipate
that the present study can be applied to motion-induced elec-
tromagnetic waves of a mechano-driven media system[28–30]

and information transmission technology such as mechani-
cal antennas.

5. Experimental Section
Numerical Modeling of the Contact-Separation (CS) Mode TENG and

Lateral-Sliding (LS) Mode TENG: The basic working process of the CS
mode TENG and LS mode TENG was computationally carried out by solv-
ing the derived equations, with MATLAB (R2021b, Mathworks Inc). The
relevant modelling process is presented in Sections S1 and S2 (Supporting
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Information). The correctness and effectiveness of this approach were au-
thenticated through two methods: force calculation employing Coulomb’s
law and Maxwell stress tensor respectively (Section S4, Supporting Infor-
mation), and contrast validation between finite element simulation and
analytical numeration (Section S5, Supporting Information). Note that all
the above calculations were based on the following considerations: 1) all
the triboelectric charges are uniformly distributed on the contacting sur-
faces, and these charges are not lost and dissipated during steady state; 2)
subsequently a TENG device is neutral at any time, by which it is regarded
as a lumped element; 3) all the simulations are performed in the quasi-
electromagnetic field, because the TENGs are generally operated under a
low working frequency.

Finite Element Analysis of Momentum Current: Detailed simulations of
momentum current were performed with finite element method so as to
elaborate the change of momentum current and demonstrate the con-
servation of momentum during the working of TENGs. All simulations
were conducted utilizing COMSOL Multiphysics software taking the CS
mode TENG as an example (Figure 2a). Under OC conditions, the total
charges distributed on the electrodes of the CS mode TENG were set to
be 0, accordingly the floating potential of each electrode were different
and changed independently. While at SC conditions, the floating poten-
tial of electrode needed to be equal with each other. The potential of all
boundaries of the air domain were set to 0. The corresponding simulation
parameters are listed in Tables S1 and S2 (Supporting Information).

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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